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The total energy and action, which is stored in the flux-tube between a static
quark-antiquark pair, can be compared with the potential of the pair with the help
of two low energy theorems. The flux-tube and the potential are calculated in the
framework of the model of the stochastic vacuum. Using the low energy theorems
we obtain consistency of the results and can predict the scale where the model
describes the non-perturbative gluon dynamics of QCD.
1 Introduction
The treatment of QCD processes involving large distances is very complicated,
because perturbation theory is not applicable. The model of the stochastic
vacuum (MSV) makes the crucial assumption that the complicated infra-red
measure of the functional integral in non-Abelian gauge theories can be ad-
equately approximated by a stochastic process with a converging cluster ex-
pansion [1]-[3]. This assumption already leads to a confining potential. In
order to make quantitative predictions one has to make an additional strong
simplification and assume the stochastic process to be a Gaussian one. For a
detailed description and applications of the MSV we refer to [3][4].
In this note we work with an Euclidean field theory where the square of the
electric field has the opposite sign of the same quantity in a Minkowski field
theory (MFT), whereas the square of the magnetic field has the same sign in
both theories:
~E2EFT = −
~E2MFT,
~B2EFT =
~B2MFT .
Here and in the following a sum over the N2C − 1 color components is under-
stood.
2 The low energy theorems
By differentiating the expectation value of a Wilson-loop
< W [L] > =
1
N
∫
DA exp[−SQCD] Tr P exp[−i
∫
L
A¯µdxµ],
1
N ≡
∫
DA exp[−SQCD],
SQCD ≡
1
8παs0
∫
d4x Tr [F¯µν(x)F¯µν(x)], F¯µν ≡ g0F
(0)
µν (1)
with respect to the unrenormalized coupling we obtained in [5] for the renor-
malized quantities:
− αs
∂V (R)
∂αs
=
1
2
<
∫
d3x Tr [Fµν(x)Fµν(x)] >R, (2)
where
V (R) ≡ lim
T→∞
−
log < W [L] >
T
(3)
and < . >R shall denote the expectation value in the presence of a static
quark-antiquark pair at distance R where the expectation value in absence of
the sources has been subtracted. By using renormalization group arguments
we find
{
V (R) +R
∂V (R)
∂R
}
=
1
2
β˜
αs
<
∫
d3x
(
~E(x)2 + ~B(x)2
)
>R (4)
with β˜(αs) ≡ µ
d
dµαs(µ). This is the low energy theorem for the action and the
one for the energy is the usual relation between the potential and the energy
density:
V (R) =
1
2
<
∫
d3x
(
− ~E(x)2 + ~B(x)2
)
>R . (5)
For the case of a linear potential these are just two of the known low energy
theorems [6]. In lattice QCD these theorems are known as Michael’s sum rules
[7], but there in the action sum rule scaling of V (R) with R was not taken into
account.
3 Consistency of the SU(3)-flux-tube with the low energy theorems
In ref.[8] we calculated the color-fields in the flux-tube between a static quark-
antiquark pair. It was shown that by symmetry arguments < g2 ~B2 >R= 0.
The square of the electric field perpendicular to the loop L (< g2E2⊥ >) is
also practically not influenced but only the squared electric field parallel to L
(< g2E2‖ >) is affected by the static sources. In fig.(1) we display− < g
2E2‖ >R
as a function of the perpendicular distance x⊥ from the loop L and of the
position along the quark-antiquark axis x3. The lengths are given in units of the
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Figure 1: Difference of the squared electric field parallel to the quark-antiquark (x3) axis
(− < g2E2
‖
(x3, x⊥) >R) in
GeV
fm3
for different quark separations R. x⊥ is the distance trans-
verse to the x3-axis and the dots denote the quark positions.
x⊥[a] x⊥[a]x3[a] x3[a]
✉ ✉
correlation length a of the gluon field strengths, which is fixed to a = 0.35 fm
in the MSV. By using the energy sum rule eq.(5) with < g2 ~B2 >R= 0 we
fix αs = 0.57 at the largest qq¯ distance. The comparison of the total energy
stored in the flux-tube with the potential in then shown in fig.(2). For a linear
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Figure 2: The total energy stored in the field (dots) calculated with the energy sum rule (5)
as compared with the potential of a q-q¯-pair obtained by evaluation of the Wilson-loop in
the MSV [1][2] (solid line).
potential and < g2 ~B2 >R= 0 eq.(4) and eq.(5) can only be fulfilled if β˜/αs=-2
at the scale where αs = 0.57. Using the perturbative calculated β˜-function we
check this condition in fig.(3). Finally we calculate the ratio of
Q ≡
∫
d3x < ~B(x)2 >R∫
d3x < ~E(x)2 >R
=
2 + β˜/αs
2− β˜/αs
which can be calculated in lattice gauge calculations.
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Figure 3: β˜
αs
as a function of αs for the β˜-
function calculated in different loop order.
The 3-loop results depends on the renor-
malization scheme. To fulfill β˜/αs=-2 at
αs = 0.57 we fitted the 3-loop coefficient
to be β2 = 6250, which agrees curiously
with some lattice results [9].
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Figure 4: The ratio Q as a function of αs
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